A magnetization-induced rotation in the third-order nonlinear optical response is observed in out-ofplane-magnetized epitaxial EuO films. We discuss the relation of this nonlinear magneto-optical rotation to the linear Faraday rotation. It is allowed in all materials but, in contrast to the linear Faraday rotation, not affected by the reduction of the thickness of the material. Thus, the third-order magneto-optical rotation is particularly suitable for probing the magnetization of functional magnetic materials such as ultra-thin films and multilayers.
similarity it is intuitive to consider the process shown in Fig. 1 (b) as higher-order Faraday rotation.
However, such a denomination first needs to be justified by placing the nonlinear magneto-optical rotation and the LFR on a common basis, macroscopically as well as microscopically.
II. MAGNETO-OPTICAL ROTATION OF POLARIZATION
For identifying a common macroscopic basis for the two processes depicted in Figs. 1(a) and 1(b), we will first review the equations leading to the LFR. Then the formalism will be expanded to the regime of harmonic generation. We will see that the third-order rotation, i.e., the rotation of polarization of the frequency-tripled light wave with respect to the polarization of the incident fundamental light wave (see Fig. 1(b) ), has many properties in common with the LFR and can therefore be interpreted as its nonlinear complement. For simplicity we restrict the discussion to isotropic and uniaxial media in the absence of linear gyrotropy and absorption so that the magnetooptical rotation does not interfere with other dichroic and birefringence effects. The direction of the magnetization M is chosen along the high-symmetry z axis.
A. Linear magneto-optical rotation: The Faraday rotation
The LFR, expressed by the magneto-optical rotation of the linear polarization of light at the frequency ω propagating through a material in the direction parallel to that of M, is derived by inserting the linear dielectric tensor
with ε and ε ⊥ as purely real and imaginary components, respectively, into the wave equation
and solving it for a linearly polarized electromagnetic wave E = E 0 exp{−iω(t − n c z)}. ε and ε ⊥ (M) ∝ M denote the elements of the linear dielectric function describing the propagation of light polarized parallel and perpendicular, respectively, to the polarization of the incident light. In general, the off-diagonal component ε ⊥ is much smaller than the diagonal component ε . We obtain two eigenmodes, for the electromagnetic wave transmitting through the material, represented by n 2 ± = ε ∓ iε ⊥ with n + and n − as refractive index of light with right-and left-handed circular polarization, respectively. For the geometry in Fig. 1(a) the plane of polarization of the incident linearly polarized light is rotated by the angle
where ∆n = (n + − n − )/2 and ℓ is the length of the light path in the material along the direction of M. Thus, the LFR arises due to the magnetization-induced circular birefringence and θ F is proportional to the thickness of the material.
B. Non-linear magneto-optical rotation
In analogy to the definition of the nonlinear magneto-optical Kerr effect we can now introduce the n-th-order magneto-optical rotation as rotation of the harmonic wave at nω with respect to the polarization of the incident fundamental light wave at ω. In the simplest cases this is expressed by
with ε (n)
⊥ ∝ M and ε (n) as elements of the n-th order dielectric function describing the propagation of light polarized perpendicular and parallel, respectively, to the polarization of the incident light.
By inserting into Eq. (3) the definitions of ∆n and n ± as given above, Equations (3) and (4) can be combined into the general expression
with f n and a (n) as a function and a proportionality factor, respectively. We have f 1 (u) = u, a (1) = (ωn 0 /2c) · ℓ with n 0 = (n + + n − )/2 and f n≥2 (u) = tan u, a (n≥2) = 1. Only for n = 1 the frequency of the ingoing and the outgoing light is the same which explains the difference in the expressions for n = 1 and n ≥ 2. In any case, Eq. (5) emphasizes that the magneto-optical rotation of any order is determined by the ratio between the off-diagonal and diagonal components of the dielectric tensor of that order. Note that although we neglected absorption thus far, the components of the dielectric tensor can in general be complex. The rotation of the plane of polarization may be therefore accompanied by elliptical contributions. 2 In Eq. (5) this is already taken into account by distinguishing between real and imaginary parts. that only the leading terms coupling to M 0 (magnetization-independent) and M 1 (linear coupling) need to be considered. A manifestation of higher-order terms will be discussed in section IV.
We now have to identify the nonlinear complement to the LFR by investigating the different orders of n. The case n = 1 leads to the LFR discussed above and shown in Fig. 1 wave with respect to the incident light wave. However, the term "nonlinear Faraday effect" is also used for the nonlinear dependence of the LFR on the intensity of the incident light caused by multi-photon absorption. 9 For clarity we henceforth employ the term "third-order Faraday rotation" (TFR) for the effect discussed in our work. The most obvious difference between the LFR and the TFR is that the former is proportional to the thickness of the material whereas the latter is thickness-independent. The experimental verification of this striking difference will be the topic of section IV.
For the geometry in Figs. 1(a) and 1(b), nonzero elements of the linear and third-order susceptibility tensor relevant to the LFR and the TFR are summarized in Table I . Here the third-order susceptibility is derived from the general expression for THG,
Withε (3) =χ (3) in Eq. (4), we obtain
Despite the potential of the TFR as universal magneto-optical probe, only a single study has been reported thus far. 10 In that study, garnet films revealed a rotation of about 4 • and neither the spectral characteristics nor the microscopic origin of the effect were investigated, so that the general aspects of the nature and potential of the TFR remained unclear.
In the following we will show that thin epitaxial films of the ferromagnetic semiconductor EuO display a "giant" TFR. The rotation varies between zero in the absence of a magnetic field and about 80 • in a field of 2.5 T. Spectroscopy reveals its microscopic origin. Based on an inherent relation between the TFR and the LFR we point out the general feasibility of the TFR for probing magnetic matter and thin films in particular.
III. SAMPLES AND METHODS

A. Ferromagnetic EuO
EuO is attracting much attention from the point of view of basic science and application. 12 It has a high potential for semiconductor-based spintronics applications [12] [13] [14] [15] [17] [18] [19] [20] as well as a large well-investigated red-shift of the absorption edge associated to the magnetic ordering. 17, 21 With a rotation of 5 · 10 5 deg/cm, EuO shows one of the largest LFR. 18 Pronounced magnetization-induced SHG and THG contributions have been observed on the binary Eu compounds and the electronic origin of the SHG and THG spectra has been discussed. [21] [22] [23] [24] Hence, because of outstanding magnetic and optical properties and their strong connection, EuO is an ideal compound for exploring the TFR.
Yet, as we will see, the results gained on EuO are instructive for understanding TFR in general.
B. Sample preparation and experimental methods
Epitaxial EuO(001) films protected by an amorphous silicon (a-Si) cap layer of 10-20 nm were grown by molecular-beam epitaxy on two-side polished YAlO 3 (110) substrates. 12 For most of the measurements, film with a thickness of 100 nm was used. Bulk-like crystallographic, transport, and linear optical properties 12, 21 confirm the excellent quality of the epitaxial films. Samples were mounted in an optical helium-operated split-coil cryostat in which magnetic fields of up to In order to explore the relation of this rotation to the TFR a variety of tests was performed. First, the observed rotation agrees well with the symmetry analysis. In-and out-of-plane magnetized
EuO possesses the point symmetry 4mmm and 4mmm, respectively, and only the latter allows the magnetically induced frequency tripling that can lead to a TFR. 11 Second, we note the reversal of the rotation occurring with the reversal of M z in Fig. 1(c) . This is a property required for Faraday rotation of any order. Third, Fig. 2(a) shows the angular dependence of the frequency-tripled signal as in Fig. 1(c) for a variety of temperatures in the ferromagnetic and the paramagnetic state. The extracted temperature variation of the rotation is indicated by triangles and entered in Fig. 2(c) as open squares. We see that in the vicinity of T C the rotation decreases drastically and reflects the decrease of M z . Note that the onset temperature of the magnetization in EuO is strongly influenced by external magnetic fields, 15, 25 which explains the small signal remaining just above 
B. Temperature and magnetic field dependence
With reference to Eq. (7), Fig. 2(b) shows the temperature dependence of the frequency-tripled signal for χ yxxx and χ xxxx . We find that both susceptibilities change with temperature, in particular around T C , albeit in a different way. However, their magnetic-field dependence at a fixed temperature in Fig. 3 (b) reveals that only χ yxxx responds to the applied field while χ xxxx does not. With the application of the magnetic field χ yxxx increases from zero for M z = 0 to its saturation value at ≥ 2.5 T. In contrast, χ xxxx is independent of the applied field and the associated reorientation of the spontaneous magnetization. We therefore see that the variation of χ xxxx with temperature in Fig. 2(b) is caused by the large temperature-dependent spectral shift occurring around T C . 17, 21, 26 The coupling to the magnetization is therefore an indirect band-structural effect. Because of the independence of the direction of the magnetization, the band-structural shift may be parametrized by an even-power expansion, yielding in total terms ∝ M 2 sat , M 4 sat , etc. in χ xxxx and terms
sat , etc. in χ yxxx ) (with M sat as saturation magnetization at a certain temperature). The rotation angles are not directly affected by this band-structural shift because it enters both susceptibilities, χ xxxx as well as χ yxxx , in the same way (they are probed at the electronic transition, see section IV C).
Considering that the frequency-tripled signal I for χ yxxx is proportional to the square of M z because of I ∝ |χ| 2 , the dependence of M z on the applied field H z is extracted. The magneticfield dependence of χ yxxx in Fig. 3(c) reproduces the results of earlier measurements of M z , 15 thus revealing that the coupling of χ yxxx to M z is indeed linear and in agreement with Table I. At saturation, χ yxxx substantially exceeds χ xxxx . This notably contrasts the linear magnetooptical response, where the magnetization-induced susceptibility χ yx is much smaller than the magnetization-insensitive susceptibility χ xx .
A noticeable difference distinguishing the TFR from the LFR is the proposed independence of the rotation angle of the thickness of the material. We scrutinized this claim by measuring the TFR for EuO(001) films with a thickness of 100, 34, and 10 nm. Figure 4 shows that within the statistical error the same value θ (3) ≈ 80 • is observed for all three samples. Thus, TFR can be particularly useful for probing the magnetic properties of very thin films where θ (1) of the LFR would approach zero. Another distinct difference between the LFR and the TFR is the dependence of the rotation angle on the magnetization. Figure 3 Figs. 2(a) and 3(a) . The agreement between the two data sets is obvious. This suggests that the approximation of Re(iχ yxxx /χ xxxx ) in Eq. (7) by |χ yxxx |/|χ xxxx |, which neglects dichroic effects, is applicable for determining θ (3) . Because of the excellent agreement between the two data sets, we henceforth use the convenient approximation of θ (3) via the thirdorder susceptibilities, instead of measuring it by an involved polarization analysis as in Figs. 2(a) and 3(a).
C. Comparing the microscopy of LFR and TFR
Finally, in order to disclose the microscopic mechanism of the giant TFR, its spectral origin has to be clarified. Therefore, Fig. 5(a) shows the spectral dependence of the frequency-tripled signal for the magnetization-induced (χ yxxx ) and the magnetization-insensitive (χ xxxx ) susceptibilities and the estimated rotation θ (3) at 10 K in a magnetic field µ 0 H z = +3 T. While the slope of a resonance centered at < 1.9 eV is present in χ yxxx but not in χ xxxx , a pronounced peak around 3.1 eV is observed in both components. This corresponds to a specific resonance of θ (3) at < 1.9 eV, just like in the case of the LFR, as shown in Fig. 5(b) . The LFR is attributed to the transitions from the and the spin-orbit splitting of the f and d states involved in the optical transition. We associate the TFR to the same transition, yet as a three-photon-resonant excitation. This is reasonable because the selection rules for a one-photon transition are included in that of a three-photon transition. In contrast, the peak near 3.1 eV seems to involve a two-photon-resonant transition to the 4 f 6 5d 1 (t 2g ) state followed by the transition via the third photon to the higher lying 5d/6s mixing state, 23 as shown in the inset of Fig. 5(a) . This excitation does not contribute notably to the TFR. It reflects that the selection rules for the two-photon transition to the 4 f 6 5d 1 (t 2g ) state are fundamentally different from the selection rules of the LFR and also that the 6s state with less magneto-optical activity is involved in the excitation process.
V. SUMMARY AND CONCLUSION
In summary, a giant third-order magneto-optical rotation termed TFR was observed in epitaxial ferromagnetic EuO films with a magnetic-field-induced out-of-plane magnetization. It results from the large spin polarization and the spin-orbit splitting of the states involved in the optical transition and reveals an inherent similarity to the LFR. However, the TFR is boosted by the ratio of the magnetic to the nonmagnetic tensor elements in the dielectric tensorε. This ratio is much larger for the nonlinear than for the linear contributions. The giant TFR is particularly suitable for probing the magnetization of ultra-thin films and multilayers, because in contrast to the LFR, it is not affected by the reduction of the thickness of a material. In addition, the third-order Faraday rotation and the second-order Kerr rotation (commonly referred to as "nonlinear magneto-optical Kerr rotation") complement each other as probes for magnetism because of their different sensitivity to the symmetry. Magnetic field (T)
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